On finite groups with semi-dihedral Sylow 2-subgroups  by Wong, W.J
JOURNAL OF ALGEBRA, 4, 52-63 (1966) 
On Finite Groups with Semi-Dihedral Syiow 2-Subgroups’ 
W. J. WONG 
University of Notre Dame, Notre Dame, Indiana 
Communicated by Richard Brauer 
Received March 7, 1965 
In this paper we complete the classification of all finite groups in which 
all Sylow subgroups of odd order are cyclic and a Sylow 2-subgroup contains 
a cyclic subgroup of index 2. The solvable groups with this property were 
classified completely by Zassenhaus [IO], and the nonsolvable groups 
were classified by Suzuki in the case that the Sylow 2-subgroup is a dihedral 
or generalized quaternion group 161. By 18, pp. 90-911, the only remaining 
case is when the Sylow Z-subgroup is of the so-called semi-dihedral type: 
S = {a, /3), a2”+’ = j3” = 1, C@ = a2’-l, a > 2. 
We find (Theorem 1) that a nonsolvable finite group G with such a Sylow 
2-subgroup and with cyclic Sylow subgroups for all odd primes is a semi- 
direct product of a group of order 2 with a normal subgroup Gi = L x M, 
whereL w SL(2, q), q an odd prime, and M is a group whose Sylow subgroups 
are all cyclic. 
The original draft of this paper included a combination of the exceptional 
character theory with the theory of blocks, which was used to obtain results 
already contained in Brauer’s paper [2]. I wish to thank Professor Brauer for 
giving me a copy of his manuscript, enabling me to shorten the present paper 
considerably. 
1. Z-GROUPS 
We call a finite group a Z-group if its Sylow subgroups are all cyclic. 
A finite group A is a Z-group if and only if it is a split extension of a normal 
subgroup B by a subgroup C, where B and C are cyclic and of relatively 
prime orders. Moreover, B can be taken to be the commutator subgroup of 
1 Research partially supported by National Science Foundation grant GP-3986. 
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A [9, p. 1751. If  n is any divisor of the order ] A 1 of A, then A has a subgroup 
of order n. 
LEMMA 1. Let A be a Z-group of odd order with an automorphism 7 of 
order 1 or 2. Then, 
A = (B, x B,)C, 
where B, , B, and C are cyclic subgroups whose orders are relatively prime to 
one another, B, and B, are normal in A, r leaves every element of B, and C 
fixed, and r inverts every element of B, (i.e., for all u in B, , u7 = o-1). Con- 
versely, if the group A has a decomposition as above, then A is a Z-group, there 
exists a unique automorphism r of A which leaves every element of B, and C 
fixed and inverts every element of B, , and r is of order 1 or 2. 
Proof. I f  A is a Z-group of odd order and 7 an automorphism of A of 
order 1 or 2, form the split extension A of A by 7. Then, A is a Z-group whose 
commutator subgroup B is contained in A. Then, A- = BC, where B and 
c are cyclic of relatively prime orders. We may assume that 7 is contained 
in Gi. Then, c = {T} x C, where C = c n A, and 
A=BC. 
Every element of C is left fixed by T. The cyclic group B is the direct product 
of its Sylow subgroups, which are cyclic characteristic subgroups of A of 
odd prime power order. Since the only automorphism of order 2 of a cyclic 
group of odd prime power order inverts each element of the group, we 
obtain the decomposition 
B = B, x B, , 
where B, and B, have relatively prime orders, and 7 fixes the elements of B, 
and inverts the elements of B, . 
We omit the straightforward proof of the converse. 
2. A SPECIAL FAMILY OF GROUPS 
If q is an odd prime number, then all automorphisms of SL(2, q) are 
induced by inner automorphisms of GL(2, q) (cf. [4, pp. 85-911; there are no 
nontrivial field automorphisms, and an automorphism of contragredient 
type can be induced by an element of GL(2, q)). Since the center of SL(2, q) 
is the intersection of S’L(2, q) with the center of GL(2, q), the full auto- 
morphism group of SL(2, q) is isomorphic with PGL(2, q), while the inner 
automorphism group of SL(2, q) is isomorphic with PSL(2, q). There exist 
elements of order 2 in PGL(2, q) not in PSL(2, q), and these are all conjugate 
in PGL(2, q). Hence we can define uniquely a group SL*(2, q) as follows. 
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DEFINITION. SL*(2, q) is the split extension of SL(2, q) by an element of 
order 2 inducing an outer automorphism on SL(2, q). 
I f  q = 3 (mod 4), then (t -3 is an element of order 2 in GL(2, q) whose 
determinant is not a square in GF(q), and so it induces an outer automorphism 
on SL(2, q), Thus SL*(2, q) can be realized in this case as the subgroup of 
GL(2, q) consisting of all elements whose determinants are 1 or -1. I f  
q = 1 (mod 4), then SL*(2, q) can be realized as a subgroup of lYL(2, q2), 
the group of all nonsingular semi-linear transformations of degree 2 over 
GW9. 
If q = 3 (mod 4), then the Sylow 2-subgroup of SL*(2, q) is the Sylow 
2-subgroup of GL(2, q), h h w ic is of semi-dihedral type [3, p. 1421. 
If  9 = 1 (mod 4), let 2” be the highest power of 2 dividing p - 1, and let e 
be a primitive 2”th root of 1 in GF(q). The Sylow 2-subgroup Q of SL(2, q) 
is a generalized quaternion group 
where we may take 
jjse O 
! 1 0 e-l ’ 
We may take SL*(2,@ = SL(2, q) {/I}, where /3 is an element of order 2 
inducing the same automorphism on SL(2, q) as (t :) does. Since 
Q and ,43 generate a Sylow 2-subgroup S of SL*(2, q). Putting a = &L, we 
find that aa = A-l, so that (Y has order 2=+l. Since 
&y = p-‘(&)/j(&) = p2 = jj2”-’ = a2”, 
S is again of semi-dihedral type. 
For any q, if a Sylow 2-subgroup of SL*(2, q) is 
s = {a, fi}, aza+l = /i” = 1, a@ = ak-‘, 
then the Sylow 2-subgroup of SL(2, q) must be {a2, a/3}. It follows that every 
2-element of 5X*(2, q) not in SL(2, q) is conjugate either to ,6 or to an odd 
power of a. We can determine the centralizers of these elements in SL*(2, q). 
I f  q = 3 (mod 4), we can take /3 to be (t J, and then the centralizer of ,!I 
in SL*(2, q) is {@ x A, w h ere A is the subgroup of SL(2, q) of matrices 
b 0 
( ) 0 6-l ’ 
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A is cyclic of order q - 1. If q = 1 (mod 4), we can assume that the auto- 
morphism of SL(2, q) induced by j3 is the same as that induced by (z 3, as 
before. Hence the centralizer of B in 5X*(2, q) is {@I x A, where A is the 
subgroup of SL(2, q) of matrices 
a b ( 1 eb a ,uz-eb2= 1. 
A is isomorphic to the multiplicative group of elements a + b + of GF(q2) 
of norm 1 over GF(q), and so is cyclic of order q $ 1. 
By similar arguments we can determine the centralizer of 01 in SL*(2, q). 
It is cyclic of order 2(q + 1) if q = 3 (mod 4), and cyclic of order 2(q - 1) 
if q = 1 (mod 4). 
The Sylow subgroups of odd order in SL*(2, q) are cyclic, since there are 
cyclic subgroups of order q, q - 1 and q + 1, and the order of SL*(2, q) is 
2q(q - l)(q + 1). If q > 5, SL*(2, q) is nonsolvable. 
3. THE MAIN RESULT 
THEOREM 1. Let G be a nonsolvable Jinite group whose Sylow subgroups 
of odd order are all cyclic, with a semi-dihedral Sylow 2-subgroup 
S = (a, j?}, 8+’ = fi2 = 1, or8 = or2”-l, a > 2. 
Then, G has the following structure: 
G = (L x M)T, (L x M) rr T = (11, 
where L and Mare normal subgroups of G of relatively prime orders, T is a 
subgroup of order 2, M is a z-group, and LT is isomorphic with SL*(2, q) for 
some prime q such that q > 5. 
Since Lemma 1 describes the action of Ton M, we have a complete descrip- 
tion of the group G. Also, the converse of the theorem is clearly true. 
To begin the proof of this theorem, we restate a previously proved result 
[8, Theorem 2, p. 921. 
LEMMA 2. If G is a finite group with semi-dihedral Sylow 2-subgroup 
S = (01, /3} as in the statement of Theorem 1, then one of the following holds. 
I. G has a normal 2-complement. 
II. G has a normal subgroup GI of index 2, which has no normal subgroup 
of index 2 and has dihedral Sylow 2-subgroup {(Y~, j}. 
III. G has a normal subgroup G, of index 2, which has no normal subgroup 
of index 2 and has generalized quaternion Sylow 2-subgroup (a2, a/3}. 
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IV. G has no normal subgroup of index 2, the involutions of G form a single 
conjugacy class in G, and the centralizer in G of any involution is a group of 
type III. 
From now on we assume that G is a group satisfying the hypotheses of 
Theorem 1. It is clear that we shall have to eliminate Cases I, II and IV of 
Lemma 2. 
LEMMA 3. Cases I and II do not occur. 
Proof. In Case I, G must be solvable, since the normal 2-complement 
is solvable, being a Z-group. 
In Case II, we have 
G,=L x M, 
where L m PSL(2, q) for some prime q, q > 5, and M is a Z-group whose 
order is prime to that of L [6, Theorem B, p. 6711. Since L is a Hall subgroup 
of G1 , L is normal in G. Identify L with PSL(2, q). The automorphism of L 
induced by o! is the same as the automorphism induced by some element 
~2 of PGL(2, q) [4, pp. 97-981. S ince cxa and 3 are elements of L inducing 
the same inner automorphism of L and the center of L is trivial, we must 
have 01s = Ea. In particular, ol has the same order as 01, and so cannot lie in L. 
Hence L(a) is isomorphic with L(s), which is PGL(2, q). But then the Sylow 
2-subgroup of G would be a dihedral group, a contradiction. 
LEMMA 4. In Case III, the conclusion of Theorem 1 holds. 
Proof. By [6, Theorem C, p. 6801, 
Gl =L x M, 
where L w SL(2, q) for some prime q, q > 5, and M is a Z-group whose 
order is prime to that of L. If we take T = (81, we see that we shall have the 
conclusion of Theorem 1 provided the automorphism of L induced by /3 
is an outer automorphism. If this were not so, let p be an element ofL inducing 
the same automorphism of L as p does. Since the center C of L is of order 2, 
k is of order 2 or 4, and so p-lp is an element of order 2 or 4 not in L. The 
center of L&k?) contains (/3-‘p)C, a subgroup of order 4 or 8. This contradicts 
the fact that the center of the Sylow 2-subgroup S of L(p) has order 2. 
In dealing with Case IV, we can apply Lemma 4 to the centralizer of an 
involution, provided we know this is nonsolvable. 
LEMMA 5. If H is a solvable fkite group with semi-dihedral Sylow 
2-subgroup S, then either H has a normal 2-complement or H has a normal 
subgroup N of odd order such that H/N is isomorphic with GL(2,3). 
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Proof. Consider the upper 2-series of H, 
defined inductively by taking NJP, to be the largest normal subgroup of odd 
order in H/P, , and P,+,/N, to be the largest normal 2-subgroup of H/N, . 
The assertion is that either H = PI or H/N, w GL(2, 3). 
By considering H/N,, instead of H, we may assume that N, = {l}. Suppose 
that H f  P, . By [5, Lemma 1.2.3, p. 51, H/P, is isomorphic with a subgroup 
of the outer automorphism group of PI , which is therefore not a 2-group, 
since its order is divisible by (Nr : PJ. I f  S has order 2a+2, a > 2, then since 
PI is a normal subgroup of S, PI is cyclic, dihedral of order 2a+1, generalized 
quaternion of order 2a+1, or S itself. In every case the automorphism group 
of P, would be a 2-group, except in the case when a = 2 and P, is the 
quaternion group of order 8. Then the outer automorphism group of PI 
has order 6, so that we must have (Nr : PI) = 3, (Pz : Nl) = 2, H = Pz . 
Now Ni is the extension of PI by a group of order 3 acting nontrivially on 
P, , so that Nr must be isomorphic with SL(2, 3). Also, H is a split extension 
of Ni by an element of order 2 acting as an outer automorphism on Nr 
[5, Lemma 1.2.3, p. 51. Thus H is isomorphic with &X*(2, 3), which is 
GL(2, 3). 
4. ELIMINATION OF CAKE IV 
From now on we assume that G is a group satisfying the hypotheses of 
Theorem 1 and that we have Case IV of Lemma 2. Thus G has a Sylow 
2-subgroup 
s = (01, /I}, af+’ = j3” = I, cY@ = lx-, a >, 2. 
every Sylow subgroup of odd order in G is cyclic, G has no normal subgroup 
of index 2 and its involutions form a single conjugacy class. We let 7 denote 
the involution a2”, and put H = C,(T). 
LEMMA 6. There exists a prime number q, q > 5, such that 
H = (L x M)T, (L x M) n T = {I}, 
where L and M are normal subgroups of H of rilatively prime orders, T = {p}, 
M is a Z-group, and LT is isomorphic with SL*(2, q). 
Proof. I f  H were solvable, then by Lemma 2 and Lemma 5, H has a 
normal subgroup N of odd order such that H/N w GL(2,3). Now the 
argument of [8, pp. 97-1041 implies that G has a quotient group isomorphic 
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with either PSL(3,3) or the Mathieu group M,, . In either case the Sylow 
3-subgroup of G could not be cyclic. Hence H is not solvable, and the result 
follows from Lemma 2 and Lemma 4. 
Now let E be 1 or -1, such that q = E (mod 4). Then 2” is the highest 
power of 2 dividing q - E. 
LEMMA 7. If  p is an odd prime divisor of 1 L 1, and P is a Sylow p-subgroup 
of L, then 
(i) P is a Sylow p-subgroup of G, or 
(ii) p = 3, 3 divides q + E, a Sylow 3-subgroup of G has order 31 P I, and 
] C,(P) 1 divides 31 H /. 
Proof. Let P be a Sylow p-subgroup of L, where p is an odd prime 
divisor of 1 L I. Since the Sylow p-subgroups of G are cyclic, C,(P) contains 
a Sylow p-subgroup of G. 
We first remark that a Sylow 2-subgroup U of C,,(P) is also a Sylow 
2-subgroup of C,(P). In fact, since 
U is a Sylow 2-subgroup of C,(P). Suppose that V is a Sylow 2-subgroup 
of C,(P). I f  v  is an involution in the center of V, then there is an inner 
automorphism of G transforming rr into r. I f  this transforms P into R and 
V into W, then R is a Sylow p-subgroup of H and W is a Sylow 2-subgroup 
of C,(R). Since R and P are conjugate in H, so are W and U. Thus U is a 
Sylow 2-subgroup of C,(P). 
Next let K be the largest normal subgroup of odd order in C,(P). Since P 
is normal in C,(P), P < K. Since 7 centralizes P, 7 normalizes K. Lemma 1 
implies that 
K=BC, 
where C = K n H and B is a normal cyclic subgroup of K of order prime 
to 1 C 1, whose elements are all inverted by 7. Since P is a Sylow p-subgroup 
of C, P is also a Sylow p-subgroup of K. Now, if (C,(P) : K) is prime to p, 
then P is a Sylow p-subgroup of C,(P), and hence one of G, so that (i) holds. 
This will hold in particular if K is a Hall subgroup of C,(P). By Burnside’s 
theorem and our first remark, this will be so if C,,(P) has cyclic Sylow 
2-subgroup, for then K will be a 2-complement of C,(P). 
I f  p also centralizes P, then p normalizes B and hence normalizes any Sylow 
subgroup N of B. Since the automorphism group of N is cyclic, /3 or /?r 
centralizes N. Since j3 and /3r are both conjugate in G to 7, N is conjugate to 
a subgroup of H. Hence 1 B 1 divides ) H I. Since I C 1 also divides I H I, 
and 1 B I and 1 C 1 are relatively prime, I K 1 divides I H 1 in this case. 
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We now consider three cases, depending on whether p divides q - E, 
p = q, or p divides q + E. 
I f  p divides q - E, then since SL*(2, q) has a cyclic subgroup of order 
2(q - E), and since from the structure of SL(2, q) the order of C,(P) is q - B, 
it follows that C,,(P) is cyclic of order 2(q - E). In particular C,,(P) has 
cyclic Sylow 2-subgroup. Thus (i) holds. 
If  p = q, then from the structure of SL(2, q), C,(P) is cyclic of order 29. 
We have seen that no 2-element of SL*(2, q) not in SL(2, q) centralizes an 
element of order q. Thus, C,,(P) = C,(P), and (i) holds as before. 
Finally, suppose that p divides q + E. We know that LT has an Abelian 
subgroup N of order 2(q + E), whose Sylow 2-subgroup is U = {/?, T}, a 
noncyclic group of order 4. We may assume that P lies in N. The structure 
of SL(2, q) implies that C,(P) has order q + E. Hence C,,(P) = N, and so U 
is a Sylow 2-subgroup of C,(P). 
I f  C,(P) is not solvable, then by [6, Theorem A, p. 6651, 
C,(P) = L, x K, 
where L, and K have relatively prime orders and L, m PSL(2, r), for some 
prime r such that Y > 5. K is the largest normal subgroup of odd order in 
C,(P). Hence (i) holds. 
If  C,(P) is solvable, then by [IO, Satz 6, p. 2001, or by an argument as 
in Lemma 5, either C,(P) has a normal 2-complement, or C,(P)/K is iso- 
morphic to the alternating group A, on 4 letters, where K is the largest normal 
subgroup of odd order in C,(P). In the first case (i) holds. In the second case, 
(i) holds unless p = 3. If  p = 3, a Sylow 3-subgroup of C,(P) has order 
31 P 1, since P is a Sylow 3-subgroup of K. Since /I centralizes P, 1 K 1 divides 
1 H 1. It follows that 1 C,(P) I divides 31 H (. Hence (ii) holds. This completes 
the proof of Lemma 7. 
We now state those results of Brauer on finite groups with semi-dihedral 
Sylow 2-subgroup which we shall need [2, 5 81. The principal 2-block B, of 
G contains a unique nonprincipal irreducible character x1 with the property 
that there exists a number 6, , either 1 or -1, such that 
for all & distinct from 1 and 7. Since an algebraic conjugate of x1 would 
again be a nonprincipal character of B, with this property, x1 is rational- 
valued. For convenience we call x1 the distinguished character of B, . Two 
other nonprincipal characters xa and x3 of B, are determined by the property 
that there exist numbers S, and S, , each 1 or -1, such that 
X‘Jol”) = 6,(-1)1+1, x&d) = S,( -l)*+l, 
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for all 01% distinct from 1 and r. I f  xi , xs and xa are the degrees of x1 , xz , and 
x3 , then we have the relations 
1 + %x1 + s,x, + &x3 = 0, s,s,s, = 1. 
The same results (except possibly the last relation) hold for H = C,(T). 
I f  y1 is the distinguished character of the principal 2-block of H, with 
corresponding sign yi and degree yi , then the kernel of vi contains 7, and vi 
may be considered as a character of the principal 2-block of G,, = H/(T). 
Ifg = 1 G [, then 
g = I H 1%(x1 + V(Y, + nYl H n W91% - b~d~~1, 
36x2 - Y12% Y 
Xl(TP) = %YlYl 9 
for any element p of odd order in H. 
We now complete the proof of Theorem 1 by proving the following result. 
LEMMA 8. Case IV cannot occur. 
Proof. In our situation, LT/{r} M PGL(2, q). Hence G,, = H/(T) has a 
normal subgroup N = {T}M/{T} of odd order such that GO/N RS PGL(2, q), 
and the principal 2-block of G,, may be considered to be the principal 2-block 
of G,,IN [I, p. 1561. Now the characters of PGL(2, q) are known (e.g. [7j), 
and it is easily verified that, for the distinguished character q~i , 
Yl = % y1 = E. 
Letm=IMI,M,=1MnC,(13),m,=I~~).Then, 
I H I = 2dq + 4(q - 4~ I H n C,(B) I = 2k + 4ml . 
Putting fi = Sixi , i = 1,2,3, we now have the formulas 
g = a2tq + 42(4 - 4”@fl(fl + ~>/~12(fl - 429 
flf2 = ?f2 P 
1 +fl +f2 +f2 = 0, 
X&P) = &!7? 
for elements p of odd order in H. 
Since the exact power of 2 dividing g is 2a+2, fi - rq is divisible by the 
exact power 2a+1. Applying Lemma 7, we readily see that fi - cq is divisible 
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by q - E and by q. Also, fi - cq is divisible by q + E unless 3 divides q + E, 
in which case fi - l q is divisible by &q + .E). Hence, 
fi = 4mod(q - l q + 4 if q + -(mod 3), 
fi = 4mod 4 (q - Mq + 4 if q E --E(mod 3). 
Elimination of f3 from the two equations connecting fi , fi and f3 gives the 
equation 
fi = -qYf1 + l)/(fi + q2). 
Since f2 + q2 is an integer, it follows that q2(q2 - 1) is divisible by fi + qz. 
If q + --E(mod 3), then 
fi = E4 + n(q - dq(q + 4, 
where n is an odd integer. It follows that q(q - l ) is divisible by 1 + n(q - E). 
Since 1 + n(q - l ) is prime to q - E, 1 + n(q - l ) must be a divisor of q. 
Since q is a prime number and q 3 5, this is possible only if n = E. Then 
fi = l q3, and g is divisible by 43, contradicting Lemma 7. 
Now suppose that q zz --E(mod 3). Then, 
fi = E4 + Q”(Q - 4q(q + 4, 
where n is an odd integer. As before, we find that 3q is divisible by 3 +n(q--E). 
If n is divisible by 3, we obtain the same contradiction as before. If n is not 
divisible by 3, then 3 is prime to 3 + n(q - E), and so 3 + n(q - 6) is a 
divisor of q. Since q is a prime number and q > 5, this is possible only if 
q = 5, E = 1, and n = -1. Then we obtain the equations 
fi = -35, 6, = -1, g = 24325 -7 * 17m3/m12. 
If N is the largest normal subgroup of odd order in G, then G/N satisfies 
the same hypotheses as G. Thus we may suppose that G has no nontrivial 
normal subgroup of odd order. Since every involution of G is conjugate to 
7, and xi(~) = -5, the kernel of the representation R corresponding to x1 
has odd order. Thus R is faithful. 
Let u be an element of M of prime order p. Since x1 is rational-valued and 
R is faithful, 
xl(d) = 35 - np, 
for any integer i prime to p, where n is a positive integer independent of i. 
We have 
X1(TUi) = -5, 
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for any integer i. If 4 is any irreducible character of J = {T, u} whose kernel 
does not contain (T, the orthogonality relations on J imply that # occurs in 
x1 1 J with multiplicity &z. Hence n is even. Also, the principal character 
of J occurs in x1 / J with multiplicity 15 - -$z(p - 1). It follows that 
p < 13. Also, for p = I3 or 11, n = 2; and for p = 7, n = 2 or 4. These 
are the only possibilities for p, since m is prime to the order 233 * 5 of L. 
Suppose that p divides m and that p2 divides g. An element CJ of order p 
in M is contained in a subgroup P of order p2 in G. The values of x1 on all 
elements of order p2 in P are the same, while x1 has value 35 - np on 
elements of order p in P. The orthogonality relations show that a faithful 
irreducible character of P occurs in x1 ) P with multiplicity n/p. This is 
impossible since p does not divide n. Thus, if p divides m, then p2 does not 
divide g. From the order formula it follows that m divides 11.13 and that 
m, = m. 
If (T is an element of order p in M, then u commutes with /I. Since p and 
/3r are conjugate in G to 7, it is easily seen that, for all i, 
x&3u”) = x&Ji) = x1(7a~) = -5. 
As before, xl(d) = 35 - np, when i is prime to p. If $ is an irreducible 
character of K = (8, 7, u} whose kernel does not contain u, then the multi- 
plicity of 16 in x1 1 K is calculated to be tn. But this is impossible for p = 11 
and p = 13, since then n = 2. Hence M = (I}, and 
g = 24325 - 7 . 17. 
Consider an element 0 of order 3 in H. By Lemma 7, u commutes with 
no element of order 7 or 17. Since there is only one conjugacy class of sub- 
groups of order 3, it follows that an element of order 7 or 17 cannot commute 
with any element of order 3 in G. 
Since an element of order 7 cannot commute with an element of order 2 or 3, 
it follows that the number of Sylow 7-subgroups of G is divisible by 253 and 
so must be 2s3 * 5. Thus the normalizer N of a Sylow 7-subgroup of G has 
order 2 -3 * 7 * 17. Being a Z-group, N has a subgroup of order 3 . 17. This 
subgroup is cyclic, since 17 + I(mod 3), and so we have elements of order 
17 which commute with elements of order 3. This contradiction completes 
the proof of Lemma 8, and with it the proof of Theorem 1. 
As indicated in the Introduction, this completes the classification of finite 
groups in which all Sylow subgroups of odd order are cyclic and a Sylow 
2-subgroup has a cyclic subgroup of index 2. We have the following result. 
THEOREM 2. Let G be a nonsolvable jinite group in which all Sylow sub- 
groups of odd order are cyclic and a Sylow 2-subgroup has a cyclio subgroup of 
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in&x 2. Then G has a normal subgroup G, such that (G : GI) < 2 and 
G =LxM, 
where L is isomorphic to SL(2, q) OY PSL(2, q) for some prime q, q > 5, and M 
is a Z-group whose order is prime to that of L. 
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